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Introduction
At the micro-scale, interlaminar crack propagation is a complex mechanism that involves different dissipative phenomena: matrix cracking and plasticity, fibre-matrix debonding, crack branching and migration. At the macro-scale all this different mechanisms are ignored; a clear crack can be easily identified and the dissipated energies that oppose its propagation are lumped into a macroscopic 5 parameter: the interlaminar fracture toughness.
Fracture toughness is one of the key parameters on which rely both analytical and numerical strength analysis methods, and well known experimental techniques are used for its determination [1, 2, 3, 4, 5] . Test methods, however, allow the measurement of the interlaminar fracture toughness for mode I, II, and mixed mode, only under well-prescribed conditions. They cannot be used for general 10 layups and require complex calibration and post-processing. Moreover, complex stress states cannot be easily applied and the study of the different failure mechanisms at the micro-scale is simply neglected.
Under these circumstances, micromechanics may be used to overcome these limitations: i) there are no limits to the layup that can be studied; ii) damage mechanisms associated with the interlaminar crack propagation at the micro-scale, as crack branching, bridging, and migration, can be modelled 15 and investigated; iii) triaxial stress states can be easily applied and their effect on fracture properties easily assessed.
One case of particular interest of triaxial stress states is obtained imposing a compressive throughthickness stress. This is of great importance for mechanically fastened joints (bolted joints or filled hole specimens with tightening) in which stress triaxiality, due to the preload of the bolt, affects the fracture 20 parameters and in particular the mode II interlaminar fracture toughness. It should be remarked that the mode II interlaminar fracture toughness is of major importance when modelling delamination in bolted joints because the bolt, constraining the reciprocal movement of the plies, allows the crack to propagate only in pure mode II being the mode I completely restrained. If the effect that the throughthickness compressive stress has on the fracture toughness is not correctly quantified, analysis strength 25 methods will yield conservative predictions that would result in an increase of both the cost and the weight of the joint.
It has been shown experimentally that the mode II interlaminar fracture toughness increases with the applied compressive stress [6, 7, 8, 9] . Cartié et al. [6] performed End Notched Flexural (ENF) tests in a pressurised environment up to 100 MPa. They observed that for the material system 30 investigated, IM7/977-2 carbon-epoxy composite, an increase of 25% of the fracture toughness was obtained when the pressure increased from 0.4 to 90 MPa. Bing and Sun [7] , implicitly assuming the equivalence between the intralaminar fracture toughness along the fibre direction and the interlaminar fracture toughness, reached the same conclusions using an off-axis compressive specimen. Li et al. [8] investigated numerically the influence of compressive stress on mode II damage evolution based on 35 the cut-ply and dropped-ply experiments and developed, as well, an interfacial failure model with modified failure initiation and propagation criteria to take into account the effect of compression.
They concluded that the increase of the mode II fracture toughness is the result of the increased shear strength due to the applied compressive stress. Finally, Catalanotti et al. [9] designed and performed experiments on Transverse Crack Tension (TCT) specimens loaded with through-thickness compressive 40 stress and noted an increase in the fracture toughness that can be assumed to be linear as a first order approximation, as suggested by other researchers [7, 8] :
where G c II0 is the value of the mode II fracture toughness when no through-thickness pressure is applied, G c II is the enhanced value of the mode II fracture toughness due to the through-thickness pressure σ 33 , · are the McAuley brackets, and η is an empirical parameter that was found to be η = 0.0035 MPa −1 45 for IM7/8552.
The mechanism that leads to an increase of the fracture toughness has not been completely understood and more efforts need to be made to fully understand this mechanism. Here, computational micromechanics is used to investigate the effect of the through-thickness stress on mode II interlaminar crack propagation. It will be shown that using appropriate constitutive models for the composite con-50 stituents and for the fibre-matrix interface it is possible to model the interlaminar crack propagation in mode II and to take into account the effect of the through-thickness compressive stress.
Generation of the fibre distribution
A modification of the algorithm presented in [10] is used for the generation of the fibre distribution. Since the objective of this work is to study the interlaminar crack propagation, an appropriate 55 representation of the fibre distribution in the proximity of the interlaminar region is necessary. This is obtained by removing the boundary periodicity in the thickness direction.
Following [10] , the creation of the RVE involves three steps: i) the generation of the Compact RVE (densest RVE with fibres disposed in a hexagonal packing); ii) the creation of the Initial RVE (obtained by expanding the Compact RVE to the desired dimensions); and finally, iii) the generation 60 of the Final RVE (the distribution obtained after the fibres have been placed randomly).
Compact RVE
The Compact RVE is formed by a periodic configuration of unit cells. These unit cells are formed by two circles with a radius r and with centres given by the following expressions:
After one unit cell is created, the creation process is repeated the same amount of times in the thickness (yy-) direction, N , and in the transverse (xx-) direction, M ( Figure 1 ). Therefore, the coordinates of the fibres inside the Compact RVE read:
where m = 1, ..., M , n = 1, ..., N and:
being H the width of the RVE (Figure 1 ), N p trial the number of fibres in the Compact RVE according to its area and fibre volume fraction input value, and the operator ⌊·⌉ the round function.
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[ Figure 1 about here.]
The number of fibres inside the RVE is:
Initial RVE
Following [10] , the coordinates of the fibres inside the Initial RVE read:
where f x and f y are two correction factors defined as:
where:
It is important to notice that, depending on the number of repetitions of the unit cell, M and N , the imposed fibre volume fraction, ω f , may differ from the actual one, ω f i . For this reason, the quality of the RVE generated is assessed using ∆ and δ ij , that are defined as:
and
wherev x i ,v y i ,v x j andv y j represent the x and y coordinates of the i-th and j-th fibre, respectively. The actual value of the fibre volume fraction, ω f i , reads:
where A f and A are the area of a single fibre and of the RVE respectively.
∆ evaluates if the real value of the fibre volume fraction deviates from the fibre volume fraction input value by computing the relative error. For the presented calculation, ∆ 0.1 was used. δ ij is 85 the corrected Euclidean distance between fibres, whose value cannot be lower than the fibre diameter, [ Figure 2 about here.]
It is observed that the maximum fibre volume fraction changes with the width of the RVE. This is 100 due to the fact that a higher value of the width of the RVE means a higher number of results retrieved, thus obtaining a more representative plot.
The algorithm for the generation of the RVEs is presented in Figure 3 , emphasizing the generation of the Compact RVE and Initial RVE.
[ Figure 3 about here.] 105
Final RVE
The Final RVE is obtained by means of a stochastic process that moves the fibres randomly; to obtain a random distribution this process is repeated K times. According to [10] , the fibre distribution for a periodic RVE is completely random for a number of iterations greater than ten. However, since this RVE represents a lamina, i.e. with only periodic side boundaries, it is considered a completely 110 random distribution of fibres with a number of iterations equal or greater than twenty (K 20). For every iteration, all the particles are randomly selected and moved according to a random displacement u that is defined by:
where ρ represents the radial coordinate and θ = 2πV the azimuthal angle in terms of polar coordinates.
V is a random scalar uniformly distributed on the open interval (0,1).
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For more detailed information regarding how the perturbation is applied to the Initial RVE, i.e.,
how the Final RVE is generated, the reader is referred to [10] .
In Figure 4 the Compact, Initial and the Final RVE (K = 20, r = 4 µm, H = 120 µm and h = 40 µm) for a fibre volume fraction input value of 55% are reported.
[ Figure 4 about here.]
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Since the Compact RVE represents one that has all the fibres arranged in a hexagonal packing, it is natural that its height is higher and its width is lower than the Initial RVE and, consequently, the Final RVE.
Micromechanical model

Material constitutive models 125
Appropriate constitutive models are used for the fibre, matrix and the fibre-matrix interface. Assuming that damage will be developed only in the matrix and at the fibre-matrix interface, a simple transversely isotropic, linear-elastic constitutive model is used to simulate the fibres. This is a reasonable assumption, being usually the interlaminar crack propagation dominated by the matrix and considering that bridging effects are negligible in mode II.
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The constitutive law, based on the paraboloidal yield criterion proposed by Tschoegl [11] , and the damage model for the matrix are both based on work of Melro et al. [12] . For the sake of completeness, the highlights of the plasticity and damage model are reported in the following.
The initial elastic behaviour is defined by a linear relation between the stress tensor, σ, and the elastic strain tensor, ε e :
where D e is the elasticity fourth-order tensor. For an isotropic matrix and in terms of the deviatoric stress tensor, S, and hydrostatic stress, p = 1 3 tr(σ), the elasticity law reads:
where G m is the shear modulus, K is the bulk modulus, and ε e d and ε e ν , are, respectively, the elastic deviatoric strain tensor and elastic volumetric strain.
The paraboloidal yield criterion proposed by [11] can be defined as:
where σ Yc and σ Yt are the absolute values of the compressive and tensile yield strengths,
is the first stress invariant and J 2 = 1 2 s ij s ij is the second invariant of the deviatoric stress tensor s ij . A non-associative flow rule [12] was used to prevent positive volumetric plastic strain under hydrostatic pressure:
where σ vm = √ 3J 2 is the Von Mises equivalent stress, p = 1 3 I 1 is the hydrostatic pressure and α is 145 a material parameter responsible for the correct definition of the volumetric component of the plastic flow and it is given by the following equation:
with ν p being the plastic Poisson's ratio. It is possible to write the increment in plastic deformation via the flow rule that used the plastic potential given in Eq. (17):
with ∆λ being the plastic multiplier, subjected to the Kuhn-Tucker consistency conditions and to be 150 updated via the return mapping algorithm [13] .
Since only tension and compression yield strengths are being explicitly used to define the yield surface, hardening will be considered to affect both of these yield strengths. Hardening is considered dependent of the equivalent plastic strain:
The equivalent plastic strain ε p e is defined as:
The damage model only uses one damage variable, d m , that affects the stiffness of the material once activated. Following [12] , the following definition for the complementary free energy density of the material is proposed:
where, E m , ν m and d m are the Young's modulus, the Poisson's ratio and the damage variable for the matrix, respectively. According to [14] , this function must be a scalar one, positive definite and it 160 must be zero at the origin with respect to the stresses. The quantity G p m represents the contribution of plastic flow to the stored energy.
To ensure that the damage process is irreversible, it is necessary to guarantee that the rate of change of the complementary free energy density is greater than the externally applied stress:
which can be written as:
Finally, to ensure a positive dissipation of mechanical energy it is necessary for the strain tensor to be equal to the derivative of the complementary free energy density with respect to the stress tensor:
Damage onset is defined by the following damage activation function:
where φ d m represents the loading function and r m is an internal variable related with the damage variable. More details of the model are reported in [12] . The damage variable defined for the matrix is given by:
Fibre-matrix interface is modelled using the cohesive surfaces of the FE commercial software Abaqus R . The initiation of the softening process is predicted using a stress-based quadratic failure criterion [15] :
where τ 1 , τ 2 and τ 3 represent the components of the traction and τ 0 1 , τ 0 2 and τ 0 3 the interface strengths.
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According to [16] , the damage evolution law defined for the fibre-matrix interface is assumed to be exponential and the damage variable can be defined as:
where T i and δ i are the effective traction and separation, respectively, δ 0 m and δ f m are the effective separation at damage initiation and complete failure, respectively, G 0 i is the elastic energy release rate at damage initiation and G c i the interfacial (between fibre and matrix) fracture toughness, that is 180 evaluated according to the Benzeggagh-Kenane interaction law [17] .
Details of the FE model: geometry, boundary conditions and material properties
The RVE generated has the same geometry and boundary conditions of a TCT specimen, but at the micro-scale. The TCT specimen, whose geometrical parameters are represented in Figure 5 , was introduced by Prinz and Gädke, and it is used as a test method to measure the mode II interlaminar 185 fracture toughness [18] .
[ Figure 5 about here.]
The test consists of an unidirectional laminate, loaded in tension, that contains a transverse cut from which, increasing the load, four interlaminar cracks will develop and propagate in pure mode II.
When the remote stress reaches its peak value, σ p , the four cracks will propagate unstably, and the 190 critical value of the energy release rate is obtained as:
where E 1 is the laminate Young's modulus in the longitudinal (zz-) direction, and ξ is the cut factor, ξ =Ŵ /W , defined as the ratio between the thickness of the uncut plies, 2Ŵ , and the thickness of the specimen, 2W [19] . A cut factor of ξ = 0.5 was used for the RVE.
Eq. (30) is derived with the assumption that the delamination crack length is sufficiently large for 195 a cracked region with uniform stress distribution to exist. In that case, the energy release rate can be computed from the difference of elastic energy in the cracked and uncracked regions. The solution is independent of the crack length and of the orthotropy of the material [20] .
Using the algorithm previously described for the generation of the distribution of fibres, a 2D RVE is generated simulating two plies bonded together (Figure 6a ). The 3D RVE is obtained by extruding 200 the 2D RVE in the longitudinal (zz-) direction, as reported in Figure 6b . Only one half of the TCT is modelled in order to reduce the computational effort. A certain distance is given between plies in order to appropriately evaluate the interlaminar damage, creating a thicker resin rich area with a thickness of 7 µm. The presence of this resin-rich area has been found experimentally and reported by several authors [21, 22, 23] . Finally, the transverse cut,ŵ long, is created on the bottom (Figure 6b ). The [ Figure 6 about here.]
It needs to be noted that the thickness of the RVE should not influence the interlaminar crack propagation for sufficiently thick RVEs. Our preliminary simulations, presented in Figure 7 , showed 210 that the thickness of the RVE was observed to have a negligible influence on the peak load of the stress-displacement curve for h 10r. Therefore the thickness was fixed at h = 10r henceforth.
[ Figure 7 about here.] Figure 8 represents the boundary conditions applied to the model.
[ Figure 8 about here.]
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Both fibre and matrix are modelled by means of a C3D4, three-dimensional tetrahedral continuum solid elements with an average size of 1.7 µm. Table 1 shows the geometrical and material properties of standard carbon fibres used in a single ply of the 2D RVE, while Table 2 reports the material properties used for the matrix.
[ The material properties of the fibre-matrix interface are presented in Table 3 . These parameters are based on experimental data [24] and also on previous micromechanical simulations [25, 26] .
[ Table 3 about here.] Figure 9 and in Table 4 .
Numerical predictions and discussion
[ Figure 9 about here.]
[ Table 4 about here.] It is observed that the peak load depends on the size of the RVE only when its length is lower 235 than 10H, whereas it is assumed to be constant when the length is larger or equal to 10H. It can be concluded that if the length of the RVE is 10H (or larger) the model will yield results that are geometry independent. Therefore, a length of 2L = 10H = 1.05 mm is chosen in order to guarantee both geometry independence of the results and to minimize the computational effort. It should be noted that the computational effort is still considerable with these dimensions. The micromechanical 240 model still contains approximately thirteen million elements.
Simulation of interlaminar crack propagation
After determining the minimum size of the RVE, numerical simulations are performed to model the onset and propagation of the crack in mode II. Figure 10 shows the matrix contour plots of the equivalent plastic strain and of the damage variable in the cracked region at onset of crack propagation.
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[ Figure 10 about here.]
Numerical predictions are presented in Figure 11 where the load-displacement curve is reported.
In the curve, different points are indicated and associated with the corresponding contour plot of the damage variable, d m .
[ Figure 11 about here.]
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The following points are identified in the curve of Figure 11 [Video 1 about here.]
Effect of through-thickness pressure
The same RVE was used to study the effect of the through-thickness compressive stress on mode II interlaminar fracture toughness. These simulations were performed in two steps: in the first, the 260 through-thickness compressive stress (σ 33 ) was applied to the upper surface of the model to generate the pressure loading conditions depicted in Figure 12 ; in the second, the velocity type boundary condition in the longitudinal (zz-) direction (u z ) is applied while keeping constant the value of the compressive pressure.
[ Figure 12 about here.]
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Simulations were conducted for increments of 20 MPa of the through-thickness pressure in the range 0 MPa −σ 33 80 MPa. Figure 13 shows the load-displacement curves obtained for different through-thickness pressures applied.
[ Figure 13 about here.] It is observed that the peak load, and consequently, the associated value of the mode II interlaminar 270 fracture toughness increases with the through-thickness compressive pressure applied. Therefore, it is concluded that the micromechanical model can capture the pressure-dependent nature of the fracture properties. Since the elements are deleted throughout the simulations (to avoid numerical error due to excessive distorted elements), the model is not able to replicate the rise of the remote stress due to the friction between the fracture surfaces that occurs after crack propagation has become unstable [9] .
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The fracture toughness values are calculated using Eq. (30) by substituting the stress by the peak of the different stress-displacement curves, being E 1 the laminate Young's modulus simply calculated using the rule of mixtures:
where the fibre volume fraction of the whole model reads: Table 5 presents the values of the peak stresses and the mode II interlaminar fracture toughness 280 calculated using Eq. (30) for the different numerical predicted stress-displacement curves with different applied through-thickness compressive stresses.
[ Table 5 about here.]
Using Eq. (1), the linear regression curve was calculated for the numerical predictions of the mode II interlaminar fracture toughness values ( Figure 14 ) and a value of η = 0.0131 MPa −1 was found.
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[ Figure 14 about here.]
It should be pointed out that the values of the fracture toughness reported in Table 5 are at least one order of magnitude lower than those obtained experimentally [9] . The reason for this is that, despite its apparent simplicity at macro-scale, the interlaminar crack propagation is, at the micro-scale, a very complex phenomenon and several simplifications were assumed when setting up the proposed However, it should be noticed that the constitutive model used for the resin is able to represent the increase of the fracture toughness as described in Eq. (1) and reported in Figure 14 . The value of η is found to be equal to η = 0.0131 MPa −1 , different from η = 0.0035 MPa −1 found for IM7/8552 [9] .
Together with the aforementioned reasons previously explained, it should be mentioned that during the simulations, damaged elements (d m = 0.9999) have been removed. This numerical artifice was 310 required to avoid numerical errors due to the excessive distortion of the elements. Element deletion does not allow the recovery of the load due to friction after the crack has propagated [9] . It should be observed, however, that the increase of the fracture toughness due to the through-thickness stress is captured, at least partially, by the constitutive model of the resin. Therefore, the increase of the fracture toughness is not only due to the friction between the crack faces, but it can also be explained 315 by triaxiality effects, which the appropriate constitutive model is able to address.
Conclusions
The main findings of this work can be summarised in the following concluding remarks.
i) An algorithm for the generation of the fibre distribution has been proposed for the micromechanical modelling of interlaminar crack propagation. The algorithm was developed on the basis of 320 the work presented in [10] and it allows the generation of fibre distributions that are representative of an entire ply. To achieve these results, the thickness conditions of periodicity have been removed and only that on the transverse direction has been maintained.
ii) Additional improvements of the numerical predictions are possible: a) a better representation of the microstructure needs to be proposed, to model effectively the possible interlacing between fibres of 325 different plies; b) damage of the fibre needs to be considered in this case to model bridging phenomena; c) the microstructural material parameters of the matrix and of the fibre-matrix interface need to be extensively characterized.
iii) The use of the appropriate constitutive model for the matrix and for the fibre-matrix interface allows a correct simulation of the interlaminar crack propagation and it takes into account the effect of 330 the through-thickness compressive pressure. The mode II interlaminar fracture toughness is shown to increase linearly with the applied compressive stress, which is in qualitative agreement with previous experimental results [9] . Therefore, it can be concluded that the increase of the fracture toughness is not only due to the friction that may exist between the crack surfaces, but also due to the stress triaxiality at the crack tip.
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iv) The modelling strategy used here will be used in the future to model, after appropriate modifications, other damage mechanisms associated with the interlaminar crack propagation such as fibre bridging and/or crack migration. 
